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In a standard interferometry experiment, one measures the phase difference between two paths by recombin-
ing the two wave packets on a beam-splitter. However, it has been recently recognized that the phase can also
be estimated via local measurements, by using an ancillary particle in a known superposition state. In this work,
we further analyse these protocols for different types of particles (bosons or fermions, charged or uncharged),
with a particular emphasis on the subtleties that arise when the phase is due to the coupling to an abelian gauge
field. In that case, we show that the measurable quantities are spacetime loop integrals of the 4-vector potential,
enclosed by two identical particles or by a particle-antiparticle pair. Furthermore, we generalize our considera-
tions to scenarios involving an arbitrary number of parties performing local measurements on a general charged
fermionic state. Finally, as a concrete application, we analyse a recent proposal by Marletto and Vedral [1].
I. INTRODUCTION
One ubiquitous feature that distinguishes quantum and
classical theory is the superposition principle. In order to
detect the presence of a quantum superposition (coherence),
one has to perform measurements of at least two incompat-
ible observables and, in fact, it is sufficient to measure the
relative phase between the two (or more) states supposedly in
superposition, in addition to the absolute value of the ampli-
tudes. This can for example be achieved by an interferomet-
ric experiment, whose simplest implementation is the Mach-
Zehnder interferometer. There, a single particle is prepared
in superposition of two spatially separated paths (by sending
it through a beam-splitter). The phase difference between the
paths can be measured by recombining the paths at a sec-
ond beam-splitter and by collecting the statistics of detectors
placed at the output ports.
A celebrated variant of this interferometric experiment al-
lows to detect a phase that is due to the interaction between
a charged quantum particle (e.g. an electron) and the elec-
tromagnetic potential, known as the Aharonov-Bohm (A-B)
effect [2–4]. In particular, this experiment features a Mach-
Zehnder interferometer that encircles a solenoid such that,
despite the electromagnetic field being zero everywhere on
the paths visited by the electron, there is a measurable phase
that is directly proportional to the magnetic flux through the
surface crossed by the solenoid. It thus seems that a rela-
tive quantum phase can only be measured indirectly by re-
combining the two paths in a closed interferometer, and ar-
guably this limitation looks even more dramatic in the case of
Aharonov-Bohm-like phases, since they depend on the value
of the total electromagnetic flux contained in a closed region.
Despite these indications, a number of works have proposed
protocols to detect quantum superpositions without needing
to reinterfere the beams, i.e. by using only local operations
and classical communication (LOCC) [1, 5–9].
In this work, we further analyze these kinds of protocols,
characterizing their domain of applicability to different types
of particles (bosons or fermions, charged or uncharged) and
emphasize the constraints imposed by superselection rules
and gauge symmetries in determining which observables are
measurable. After a brief analysis of uncharged bosons, we
focus on uncharged fermions for which the parity superselec-
tion rule forbids certain measurements. Nevertheless, one can
circumvent this limitation by using an ancillary system as a
resource; indeed, we show that an arbitrary number of par-
ties sharing a generic fermionic pure state, can perform full
state tomography by means of an ancillary state and LOCC.
We then proceed with the case of electromagnetically charged
particles and explain issues arising from gauge coupling and
gauge invariance. We show that in protocols involving an an-
cillary system and local measurements, the measured phase
corresponds to the net phase picked up around a closed loop
in spacetime. Thus, even if it is true that one can extract infor-
mation about the surrounding electromagnetic field by means
of only LOCC conducted at distant locations (i.e., without
recombining the paths in an interferometer), its value is still
equal to the electromagnetic flux through the hyper-surface
enclosed by the paths travelled by the particle(s) in space-
time. We then generalize the latter result to an arbitrary num-
ber of sources and parties and show that all information about
the gauge field that the parties can gather from LOCC can
be reconstructed from bipartite loop integrals for all pairs of
sources and parties. In the final section, we apply our consid-
erations to the scenario proposed in [1, 8], which deals with
the time-dependent Aharonov-Bohm effect.
II. LOCAL MEASUREMENTS OF THE
INTERFEROMETRIC RELATIVE PHASE
In this section we review some protocols allowing to mea-
sure locally the relative phase acquired along two arms of an
interferometer, without having to recombine the two paths.
The setup we consider is illustrated in Figure 1 and is similar
to the settings studied in Refs. [1, 7, 8] . Two experimenters,
Alice and Bob, reside at two distant locations and a quantum
particle is sent in an equal-weighted superposition of the two
paths towards the parties. Most of the following applies to
any particle type (boson or fermion, charged or uncharged);
when specificities arise we will point them out explicitly. We
assume that the situation can be described semi-classically,
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Figure 1. A particle is sent through a 50/50 beam-splitter, along two
paths, γA and γB . For simplicity, we model the phase difference as
arising due to a phase shifter placed along one of the paths. The goal
of Alice and Bob is to measure the phase ∆ϕ using LOCC.
as a superposition over classical paths, γA and γB , leading
to Alice and Bob. In this case, the phase acquired along a
path is simply related to the Lagrangian action S of the cor-
responding classical trajectory. More precisely, let the phase
difference be defined as (we are using units where ~ = 1)
∆ϕ = i(S(γB)−S(γA)) = i
∫ tf
ti
dt
(L(γB(t))−L(γA(t))),
(1)
where ti is the time when the particle is emitted from the
beam-splitter and tf is the time when the parties receive the
particle. The shared state between the two parties at the final
time tf is then
|ψ〉 = 1√
2
(|A〉+ ei∆ϕ |B〉) , (2)
where |A〉 and |B〉 correspond to states where the particle
is localised at Alice’s or Bob’s position, respectively. When
dealing with interferometric experiments it is convenient to
adopt a second-quantized notation:
|ψ〉 = 1√
2
(
a†A + e
i∆ϕa†B
)
|0〉 , (3)
where a†A/B represent creation operators (either bosonic or
fermionic), creating one particle at Alice’s and Bob’ location
respectively, and |0〉 is the vacuum state.
The task consists in estimating the phase difference ∆ϕ,
using only LOCC. This would be straightforward if Alice and
Bob were able to implement local projective measurements
that involve the preparation of superposition of different num-
ber states, i.e., of the form Π± = |±〉 〈±|, where
|±〉A/B =
1√
2
(
1± a†A/B
)
|0〉 . (4)
This, however, is only possible for uncharged bosons, be-
cause otherwise this measurement is forbidden by the par-
ity and/or charge superselection rules [10–13]. For photons,
these measurements can be carried out by making each lo-
cal mode interact with another system such as an atom, and
then locally measuring the two atoms in an appropriate basis
[5, 14–16], or by measuring local interference with a coher-
ent state [5]. However, for general species of particles, the
measurement of Eq. (4) is fundamentally forbidden (by spe-
cific superselection rules) and the determination of the rela-
tive phase is apparently impossible.
A. A general method for local phase measurements
Despite the above-mentioned issues, a possible solution to
the apparent impossibility of locally measuring phase differ-
ences of fermions has been proposed in Refs. [1, 5]. The idea
is to bypass the superselection rule by using an ancillary parti-
cle in a known superposition state as a resource which enables
the phase measurement. The protocol proceeds as follows.
Let us assume that Alice and Bob already possess an ancil-
lary particle in spatial superposition of their locations and that
the phase difference between the two components of the wave
function is null.1 After some time, the second particle is sent
in spatial superpostition of the two paths, of which we want
to measure the relative phase difference. Upon reaching Alice
and Bob, the total state of the two-particle system is
|ψ〉 = 1
2
(
a†A1 + a
†
B1
)(
a†A2 + e
i∆ϕa†B2
)
|0〉 , (5)
where the mode corresponding to the ancillary particle is in-
dicated by subscript 1 and the mode corresponding to the sec-
ond one –whose relative phase needs to be estimated– by sub-
script 2. Both Alice and Bob now possess two “wave pack-
ets”, one arising from each particle. Furthermore, suppose
they possess local beam-splitters allowing them to locally in-
terfere their wave packets, and detectors allowing to measure
the outcome statistics at the output ports of the beam-splitters.
In order for the parties to be able to perform the measure-
ments, the particles must have the same parity and charge be-
cause of the associated superselection rules. We thus choose
the particles to be identical. Now, suppose that Alice and Bob
perform their measurements and discard the results if they
detect either zero or two particles: the postselected quantum
state of interest is then (prior to the interference through the
beam-splitter)
|ψ〉PS =
1√
2
(
a†B1a
†
A2
+ ei∆ϕa†A1a
†
B2
)
|0〉 , (6)
The beam-splitters, followed by measurements at the output
ports, implement local projective measurements of the form
1 As we will discuss in detail in Section III, for charged particles this as-
sumption is not as innocent as it may look, for it corresponds to fixing a
gauge.
3Π± = |±〉 〈±| acting on |ψ〉PS , where
|±〉A/B =
1√
2
(
a†A1/B1 ± a
†
A2/B2
)
|0〉 . (7)
Note that the outcome probabilities do not depend on whether
the particles are fermions or bosons, because we are only con-
cerned with the subset of events in which a single particle is
found at each of the two locations. The outcome statistics en-
ables Alice and Bob to reconstruct the phase shifter’s phase
∆ϕ using only LOCC despite issues caused by the parity su-
perselection rule.
The latter considerations were concerned with the case of two
parties sharing one particle. In Appendix A, we provide
a generalization to a scenario involving N parties sharing a
general fermionic uncharged state, which can now involve an
arbitrary number of excitations. Notice that the parity supers-
election rule allows the state to be in a superposition of states
with different numbers of fermions (albeit with equal parity).
We show that, analogously to the single-particle case, the par-
ties can fully reconstruct an arbitrary fermionic pure state us-
ing LOCC and a common global state as a resource. The pro-
tocol essentially involves the usage of an auxiliary reference
state prepared by an external party and local beam-splitter
operations performed by the N parties. Even though the par-
ties’ measurements are local, the overall process involves the
preparation of a global (entangled) state which cannot be gen-
erated by local means; this is in accord with the results of
Refs. [17, 18].
III. CHARGED PARTICLES AND THE
GAUGE-DEPENDENCE OF RELATIVE PHASES
Let us now turn to charged particles, for which we already
pointed out that measurements of the type in expression (4)
are prohibited by the charge superselection rule. Further-
more, in the general protocol of Section II A, we had to as-
sume, in Eq. (5), that it is possible to prepare the ancillary par-
ticle in a known state. As we will emphasize in this section,
since the phase acquired along a path is gauge-dependent, the
condition of Eq. (5), namely that the ancillary state has zero
relative phase, is not a gauge-independent property. In the
following we show how the protocol can nevertheless be used
to provide local measurements of gauge-invariant phases, i.e.
phases that are acquired by integrating along a closed loop in
spacetime. Hereinafter, we will focus on charged fermions,
and, as a matter of simplicity, we will consider the particular
case of electrons. Consider once again the setup of Fig. 1.
The phase difference is given by Eq. (1), with Lagrangian
L = 1
2m
~˙x2 − e~˙x · ~A+ eV (~x) . (8)
We emphasize that setting the gauge potential to zero, even in
the absence of external electric and magnetic fields, amounts
to fixing a gauge. Hence, the accumulated phase on the two
paths now necessarily depends also on the electromagnetic
potential:
|ψ〉 = 1√
2
(
e
ie
∫
γA
Aµdxµ |A〉+ eie
∫
γB
Aµdxµeiβ |B〉
)
,
(9)
where β is the gauge-invariant "mechanical" phase differ-
ence, i.e. due to the kinetic term 12m ~˙x
2 in the Lagrangian;
whereas Aµ is the 4-vector potential, i.e. (in the units where
c = 1) Aµ = (V, ~A), and we use a metric with signature
(+,−,−,−). Therefore, the phase difference between the
two paths now reads
∆ϕ = β + e
∫
(γB−γA)
Aµdxµ, (10)
which is an explicitly gauge-dependent quantity. We thus see
why it is necessary to introduce the charge superselection rule
which forbids us to implement the projectors of Eq. (4): if
this rule did not exist we would be able to measure physically
meaningless gauge-dependent quantities!2 This argument has
two main consequences: (i) the principle of gauge invariance
implies the charge superselection rule and prohibits this type
of local tomographic protocols for a delocalized electron.
Furthermore, (ii) the acquired phase difference between the
two paths is not an observable since it is a gauge-dependent
quantity: it might be equal to the mechanical phase shift β
only in a specific gauge.
On the other hand, note that if the electron’s wave packets
are reinterfered on a beam-splitter as it happens in a standard
Aharonov-Bohm experiment, the phase difference between
the two paths connecting the two beam-splitters reduces to
∆ϕ = β + e
∮
Aµdxµ, (11)
where the loop integral is performed around the whole inter-
ferometer. The phase is now a gauge-independent quantity
and it depends on the distribution of electromagnetic currents
in spacetime. A specific case is a regular Mach-Zehnder inter-
ferometer, where, since there are no currents, the loop integral
vanishes and, as expected, the total phase difference is equal
to the mechanical phase shift β only.
A. Measuring phase differences at a distance
We now show how, as in the protocol of Section II A, we
can exploit an auxiliary identical particle (another electron) in
order to circumvent the limitation imposed by the charge su-
perselection rule and gauge invariance. The crucial difference
with respect to the previous case is that, as already empha-
sized, there is an inevitable coupling to the gauge potential
regardless of the surrounding electromagnetic sources, which
implies that even the ancillary particle necessarily acquires a
gauge-dependent phase difference which may be null only in
a specific gauge (i.e. we cannot assume that Alice and Bob
can prepare the ancillary particle in a known state without
fixing a gauge). After the particles are sent to the parties, the
2 A similar argument has already been invoked for example in [19]; for a
more formal treatment of the relationship between the charge superselec-
tion rules and gauge invariance, see [20].
4two-particle state is
|ψ〉 = 1
2
(
e
ie
∫
γA1
Aµdxµ
a†A1 + e
ie
∫
γB1
Aµdxµ
a†B1
)
(
e
ie
∫
γA2
Aµdxµ
a†A2 + e
ie
∫
γB2
Aµdxµ
eiβa†B2
)
|0〉 ,
(12)
where the mode corresponding to the first particle is indicated
by subscript 1 and the second one by subscript 2, and the
paths γA/B1/2 are defined in Fig. 2. Alice and Bob again per-
form measurements with local beam-splitters and postselect
on the one-particle subsector:
|ψ〉PS =
1√
2
(
a†A2a
†
B1
+ ei∆ϕa†A1a
†
B2
)
|0〉 , (13)
where the cumulative phase difference is now given by
∆ϕ = β + ϕA1 + ϕB2 − ϕA2 − ϕB1 , (14)
with
ϕA/B1/2 ≡ e
∫
γA/B1/2
Aµdxµ. (15)
As in Section II A, the quantity ∆ϕ can be inferred from the
statistics of the detection clicks at the two beam-splitters, re-
spectively situated at Alice’s and Bob’s locations.
In Figure 2 we portray the paths of the two particles in a
spacetime diagram and show that they enclose a closed path.
Therefore, the additional phase accumulated because of the
interaction with the electromagnetic potential is gauge invari-
ant. If there are no surrounding currents or fields, the loop
integral vanishes and only the mechanical phase shift β re-
mains. On the contrary, if the particles are surrounded by an
arbitrary distribution of currents, the loop integral does not
generally vanish and can depend explicitly on the trajectory
travelled by the ancillary particle (even if it is not acted on by
classical forces).
Had the two particles different charges e1 and e2, the total
phase ∆ϕ would involve the sum of two paths which do not
compose into a spacetime loop integral as in (14) and would
thus not be a gauge invariant quantity. However, in that case,
the required measurement would not be possible since non-
identical particles do not interfere with each other. Therefore,
we see a consistency between gauge invariance, superselec-
tion rules and the operational attainability of the required lo-
cal measurements.
In Appendix B, we analyse a variation of the above ex-
periment introduced by Aharonov and Vaidman in [5], which
instead of two identical particles (e.g. two electrons) involves
a particle-antiparticle pair (e.g. an electron and a positron).
We show that the same quantity ∆ϕ from Eq. 14 can be es-
timated by measuring photons resulting from the annihilation
of the electron with the positron.
From these considerations we draw the following conclu-
sions:
• loops (in spacetime) can be closed by states involving
two identical particles or by a particle-antiparticle pair,
i.e. by two different excitations of the same quantum
field (contrary to the standard Aharonov-Bohm effect
where the loop is closed by a single electron);
t
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Figure 2. Spacetime diagram of the protocol described in Sec-
tion III A. Two identical particles are prepared at locations S1 (resp.
S2) in an equal superposition of paths γA1 and γB1 (resp. γA2 ,
γB2 ). The parties perform local measurements which allow them
to reconstruct the phase ∆ϕ of Eq. (14), which is a gauge-invariant
spacetime loop integral around the shown path (the arrows are drawn
in the direction of integration of the loop integral).
• the paths traced by the two particles can be “glued”
together via local (interference) measurements, or via
particle-antiparticle annihilation;
• in the presence of gauge coupling, the distinction be-
tween “primary” particle (whose phase we are trying
to estimate) and “ancillary” particle (which serves to
circumvent the superselection rule) is not well defined
and can be manifested only in a specific gauge; the
measured quantity is a collective property of the two
excitations, namely the spacetime loop integral.
B. General case
In Section II A and in Appendix A we saw the possibil-
ity of performing state tomography of an arbitrary uncharged
fermionic state using LOCC and an ancillary system. Now,
we want to analyse a similar scenario in the case of charged
particles. However, since the concepts of “primary” and “an-
cillary” systems are not well defined in the presence of gauge
coupling, here we ask a different question. Suppose that an
arbitrary number of parties perform local measurements on
an arbitrary state of multiple charged particles: what are the
spacetime loop integrals that the outcome probabilities de-
pend on? Can all probabilities be reconstructed from loops
similar to the one depicted in Fig. 2? In Appendix C we
show that this is indeed the case. More precisely, suppose that
we have d sources emitting single identical charged fermions
at d spacetime points. Each source prepares a single parti-
cle in an arbitrary superposition of spatial trajectories (again
using the semi-classical approximation). Moreover, suppose
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Figure 3. Spatial representation of the scenario of Fig. 2, for the
special case studied in Ref. [1], where the source ofAµ is a solenoid
with a time-dependent current. At time t = 0 the flux through the
solenoid is zero, and a particle is prepared at S1 in an equal su-
perposition of paths γA1 and γB1 . Later, this particle is trapped at
locations A and B, following which the flux is increased up to Φf .
Finally, the second particle is sent at S2 and each party performs a
local measurement on their “wave packets”.
that there areN parties who perform local number-preserving
(linear) operations and measurements at N space-like sepa-
rated points located on a hypersurface which lies in the future
of the d sources. We show that the joint probability of the
local measurement outcomes can be fully reconstructed from
loop integrals as in Fig. 2 for all pairs of sources and all pairs
of parties. This result shows that all information about the
gauge field that is acquirable via local measurements on sin-
gle particle excitations can be reduced to simple experiments
involving two parties and two sources as in Fig. 2.
C. Connections to the Aharonov-Bohm phase
The traditional interpretation of the Aharonov-Bohm ef-
fect [2–4] is that the electric and magnetic fields are in general
not sufficient for describing the physics of certain (quantum)
scenarios and that the gauge-theoretic electromagnetic poten-
tial is in fact indispensable. Going against the received view,
Vaidman has argued that the Aharonov-Bohm phase can be
explained without the introduction of potentials if one takes
into account the quantum nature of the solenoid [6]. A weak-
ness in his treatment is that it relies on an instantaneous in-
teraction between the solenoid and the electron. Marletto and
Vedral [1] –followed by further developments by Saldanha
[8]– have recently addressed this problem, concluding that
the Aharonov-Bohm phase is acquired locally. In this section
we follow up on these recent developments by applying the
analysis from the previous section to the specific case where
the only source of electromagnetic fields is a solenoid with
a time-dependent current. As before, the goal for Alice and
Bob is to locally measure the phase difference acquired by
the electron through the interaction with the gauge potential.
The scenario studied in Ref. [1] is a special case of the
general situation in Fig.2. During the journey of the ancillary
particle towards the parties, the flux through the coil is set
to zero. After the two wave packets of the ancillary particle
arrive at the location of the parties, they are trapped using
some external field. The current (and thus the flux) in the
coil is then increased slowly until it reaches a stationary state,
following which the second particle is sent to the parties and
the local measurements of (7) are performed. The detection
probabilities depend on ∆ϕ as defined in (14), where (in the
Coulomb gauge) the vector potential in the region outside the
coil is given by
~A(~r, t) =
Φ(t)
2pi(x2 + y2)
~r × zˆ, (16)
where Φ(t) is the magnetic flux through the solenoid at time
t, and ~r is the position vector of the particle (with the origin of
the coordinates centered in the solenoid). Note that the elec-
tric field is not zero outside the solenoid at all times, because
of the time-dependence of the current in the solenoid. Since
the charge density is zero everywhere and at all time, we have
that the scalar potential is zero in the Coulomb gauge, and
thus the phase that the ancillary particle accumulates due to
the solenoid during the time when it is trapped in Fig. 2 is
zero (in this gauge). Furthermore, when the ancillary electron
is moving, there is no current in the coil and consequently no
4-vector potential is interacting with the charge, so the contri-
bution of the solenoid to the phase accumulated along γA1/B1
is zero. Hence, we are left with the phase acquired by the sec-
ond particle
∆ϕ = e
∫
ξ
~A · d~l, (17)
where ξ is the path shown in Figure 3. Using the expres-
sion (16) for the vector potential and switching to polar coor-
dinates yields
∆ϕ =
∫ θ
0
Φf
2pi
dθ′ =
Φf
2pi
θ, (18)
where Φf is the final flux through the solenoid and θ is the
angle defined in Figure 3. The probabilities for the measure-
ment described in Section III A depend on ∆ϕ and thus the
outcome statistics allows to estimate ∆ϕ using LOCC.
It is tempting to interpret the calculation that we have just
done, in particular Eq. (17), as showing that the phase is lo-
cally accumulated along the path ξ. However, this appar-
ent localisation of the phase accumulation is merely a con-
sequence of our (arbitrary) choice to work in the Coulomb
gauge. In other gauges, the phase accumulated by the ancil-
lary particle is not necessarily zero; only the full loop integral
is gauge-independent. Notice that, even though the particles
seemingly enclose a spatial region with no electromagnetic
fields, the measured quantity ∆ϕ corresponds to the space-
time loop integral which is non-zero due to the induced elec-
tric field (which arises due to the time dependence of the
current) piercing through the hypersurface enclosed by the
spacetime loop.
6IV. CONCLUSIONS AND OUTLOOK
We have studied a general protocol allowing to locally
measure the relative phases of the state of a particle that is
prepared, by using a beam-splitter, in a superposition of dif-
ferent spatial locations. In order to perform this protocol, the
localised parties must share a known superposition state of
an ancillary particle. We have shown how, using this known
state as a resource, one can estimate the relative phase by
performing only local measurements, despite the restrictions
imposed by the parity superselection rule. Moreover, we ex-
tended the protocol to general fermionic systems shared by
an arbitrary number of parties and we showed how the par-
ties can perform full state tomography using LOCC and a
global state as a resource. We proceeded by addressing the
case of electromagnetically charged particles, where the un-
avoidable coupling to the gauge field makes it impossible to
control the relative phase of the ancillary state without fix-
ing the gauge. We have shown that the protocol neverthe-
less measures a gauge-independent quantity, namely a space-
time loop integral of the 4-vector potential. The protocol re-
quires the two particles to possess equal charges in order to
obtain gauge invariant quantities; however, the required mea-
surements would be physically impossible on two different
charges due to the charge superselection rule. Alternatively,
one can employ a slightly modified protocol that involves
particles with opposite charges (e.g. electron and positron)
which can annihilate into an uncharged particle (photon): the
obtained measurement results yield the same gauge invariant
phase as in the former protocol. The latter discussion shows
the tight relation between charge conservation, gauge invari-
ance and superselection rules. We then proceeded with the
general scenario involving many source and many parties per-
forming LOCC and showed that all probabilities arising from
such experiments can be reduced to simple combinations of
bipartite loop integrals involving two sources and two parties.
Finally, we have applied the protocol to the case of local mea-
surements of phases in the time-dependent Aharonov-Bohm
effect, and, in particular, we have demonstrated its application
to the setups of Refs. [1, 8]. Since all probabilities obtained
in these experiments depend on loop integrals which are ex-
plicitly nonlocal quantities, the interpretation that the phase
is acquired locally is not viable, and is apparently manifested
only in a specific gauge.
In this manuscript we focused on scenarios which involve
quantum particles coupled to Abelian gauge fields; it would
be interesting to see to what extent our analysis can be ex-
tended to the non-Abelian case, where the probabilities would
depend on gauge-invariant functionals of Wilson loop opera-
tors. In particular, one should inspect whether the result of
section III B holds in any gauge theory or only in the Abelian
ones.
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7Appendix A: Local measurements on generic fermionic uncharged systems
Let us start by considering a simple generalisation of Fig. 1 to N parties. The particle goes through a beam-splitter
with N output ports, and along each arm it acquires an unknown phase ϕi, so that the state received by the observers is
1√
N
∑N
i=1 e
iϕic†i |0〉, where c†i is an operator that creates a particle at the location of observer i. We would like to perform a
procedure for estimating the phases ϕi that uses only local operations and classical communication. This can be achieved if
the parties share a second particle in a known state 1√
N
∑N
i=1 c
†
i |0〉. Let each party apply a beam-splitter locally and measure
at the click at the output ports, and post-select on cases where the two particles are found at different locations; this happens
with probability 1 − 1N . Supposing that the particles are found at positions i and j, the probabilities for each of the 4 possible
outcomes are the same as in the case of Fig. 1, so the above protocol allows to give an estimate for ϕi − ϕj . After performing
many rounds it will be possible to reconstruct all the phases ϕk with a good accuracy. An interesting feature of this protocol
is that the post-selection probability goes to one as the number of parties becomes large, which means that in this limit almost
all rounds of the experiment yield useful information (in contrast with the two arm case, where half of the rounds have to be
discarded).
Turning now to the general case, the most general fermionic state shared by N parties is
|ψ〉 =
 ∑
~x1,...,~xN
λ (~x1, ..., ~xN ) e
iϕ(~x1,...,~xN )
∏
j1
(
c
(1)†
j1
)x1j1 ∏
j2
(
c
(2)†
j2
)x2j2
...
∏
jN
(
c
(N)†
jN
)xNjN |0〉 . (A1)
In the latter expression the sum ranges over all bit strings, the length of which depends on the maximal number of local modes
available to each of the parties (the bit string notation automatically implements the fact that there can be no more than one
excitation per mode). λ (~x1, ..., ~xN ) are real amplitudes, ϕ (~x1, ..., ~xN ) are the mechanical phases that we want to estimate, and
c
(k)†
jk
denote fermionic creation operators that create one fermion in the jk-th mode of the k-th party.
In order to measure the weights λ (~x1, ..., ~xN ), each party performs a local projective measurement on their local modes,
yielding the desired information via
λ(~x1, ..., ~xN ) = | 〈ψ|
∏
j1
(
c
(1)†
j1
)x1j1
...
∏
jN
(
c
(N)†
jN
)xNjN |0〉 |. (A2)
The parties communicate their local results to an external party who estimates the amplitudes λ (~x1, ..., ~xN ), prepares a uniform
superposition over states with non-zero amplitude and sends it towards the N parties, who store it in separate modes from the
ones occupied by the original state. The "copied" state is thus
|ψ˜〉 = 1√
M
 ∑
~x1,...,~xN
∏
j1
(
c˜
(1)†
j1
)x1j1
...
∏
jN
(
c˜
(N)†
jN
)xNjN |0〉 , (A3)
where c˜(k)†jk ≡ c
(k)†
nk+jk
, with nk being the maximum number of modes present at the k-th party’s location and M is the total
number of non-zero components in the original state (A1).
Next, each party interferes each of the original modes with the corresponding copied modes on local beam-splitters, i.e. ∀k =
1, ..., N and ∀jk = 1, ..., nk
c
(k)†
jk
→ 1√
2
(
c
(k)†
jk
+ c˜
(k)†
jk
)
,
c˜
(k)†
jk
→ 1√
2
(
c
(k)†
jk
− c˜(k)†jk
)
.
(A4)
The final joint state, after undergoing the beam-splitter operations, is thus
|ψ′〉 =

1√
M
∑
~x1,...,~xN
~x′1,...,~x
′
N
2−1/2[
∑
nj(xnj+x
′
nj)]λxe
iϕx
N∏
k=1
 nk∏
jk=1
(
c
(k)†
jk
+ c˜
(k)†
jk
)xkjk N∏
k′=1
 n′k∏
j′k=1
(
c
(k′)†
j′k
− c˜(k′)†j′k
)x′
k′j′
k

 |0〉 ,
(A5)
where λx and ϕx stand for λ (~x1, ..., ~xN ) and ϕ (~x1, ..., ~xN ).
Finally, the parties perform local projective measurements of their modes in the occupation number basis; the outcome proba-
bilities depend explicitly on the required phases:
Pxy =
1
M2[
∑
n,m(xnm+ynm)]
|λx + (−1)sxyei(ϕy−ϕx)λy|2, (A6)
8where x = (~x1, ..., ~xN ) and y = (~y1, ..., ~yN ) are two different bit strings, Pxy is the probability of projecting on state{∏N
k=1
[∏nk
jk=1
(
c
(k)†
jk
)xkjk ]∏N
k′=1
[∏n′k
j′k=1
(
c˜
(k′)†
j′k
)yk′j′
k
]}
|0〉, and sxy is an integer that arises due to fermionic anticommu-
tation relations. The parties can thus estimate all the unknown phases ϕ (~x1, ..., ~xN ) using LOCC and a shared global ancillary
state.
Appendix B: The protocol involving a particle-antiparticle pair
Instead of two identical particles, one can choose the two particles used in the bipartite protocol of Section III to be a particle-
antiparticle pair, for instance, an electron and a positron. In this case, Alice and Bob can annihilate their wave packets into
photon pairs and measure the phase difference between the two components by performing local tomography on the resulting
photons in a similar fashion as in section III A. More precisely, the state of the two particles before the annihilation process
is the same as in protocol involving two identical particles, up to a minus sign in the phases acquired by the antiparticle (the
“ancillary” system is now a positron with charge −e):
|ψ〉 = 1
2
(
e
−ie ∫
γA1
Aµdxµ
b†A + e
−ie ∫
γB1
Aµdxµ
b†B
)
⊗
(
e
ie
∫
γA2
Aµdxµ
c†A + e
ie
∫
γB2
Aµdxµ
eiβc†B
)
|0〉 , (B1)
where b† and c† are respectively positron and electron creation operators.
Next, Alice and Bob let the particles interact and they postselect exclusively on processes which give rise to photons, thereby
discarding the one-particle sector and those processes in which the pairs scatter without annihilating (e.g. the Bhabba scatter-
ing). The annihilation processes give rise to photon pairs of different momenta ~k and ~k′:
b†i c
†
i → a†i,~ka
†
i,~k′
, (B2)
where a†
i,~k
denotes a (suitably smeared) creation operator for a photon of momentum ~k produced at location i. The quantum
state after the interaction and post-selection is thus
|ψ〉 = 1√
2
(
a†
A, ~kA
a†
A, ~k′A
+ ei∆ϕ
′
a†
B, ~kB
a†
B, ~k′B
)
|0〉 , (B3)
where the phase difference is now
∆ϕ′ = β + ϕ′B1 + ϕ
′
B2 − ϕ′A2 − ϕ′A1 , ϕ′ij ≡ ej
∫
γij
Aµdxµ. (B4)
Since the electric charges of the two particles are e1 = −e and e2 = e, the phase difference acquired due to the interaction with
the gauge potential is given by a spacetime loop integral of the gauge potential and is equal to Eq. (14). Once Alice and Bob
possess their photons, they can estimate the phase from measurement results of local projections on states
|±〉i =
1√
2
(
1± a†~kia
†
~k′i
)
|0〉 . (B5)
Therefore, we found a different procedure which yields the same gauge invariant phase as the one obtained in the protocol
involving two identical particles.
Appendix C: Local measurements on a general charged fermionic state
Before tackling the fully general case, let us first analyse the following simpler case. Suppose that the scenario involves three
sources which emit three electrons in spatial superposition towards three parties labelled as A, B and C. Upon receiving the
particles, the parties perform local unitary transformations on their pertaining wave packets, detect the particles and postselect
on the cases in which each party detects one excitation. The postselected state of interest (prior to the local transformations) is
thus
|ψ〉PS =
1√
6
3∑
i,j,k=1
i6=j 6=k 6=i
eiφijkc†Aic
†
Bj
c†Ck |0〉 , (C1)
9where c† are fermionic creation operators (for example c†Ai creates the i-th particle at A’s location). The phase φijk arises due
to the coupling to the gauge potential Aµ (for simplicity we omit the mechanical phases):
φijk = e
(∫
γAi
Aµdxµ +
∫
γBj
Aµdxµ +
∫
γCk
Aµdxµ
)
, (C2)
where e.g. γAi is the trajectory traced by the first particle towards A’s location. The parties apply local unitary transformations
c†Pi →
3∑
j=1
U
(P )
ij c
†
Pj
, P = A,B,C, (C3)
where U (P )ij are matrix elements of the transformations.
The final state before the measurement is thus
|ψ〉PS =
1√
6
∑
lmn
3∑
i,j,k=1
i 6=j 6=k 6=i
eiφijkU
(A)
il U
(B)
jm U
(C)
kn c
†
Al
c†Bmc
†
Cn
|0〉 . (C4)
Finally, the parties perform local projective measurements; the probability of measuring the state c†Alc
†
Bm
c†Cn |0〉 is
P (AlBmCn) =
1
6
|
3∑
i,j,k=1
i 6=j 6=k 6=i
eiφijkU
(A)
il U
(B)
jm U
(C)
kn |2. (C5)
One of the phase differences that appear in Eq. (C5) is for instance φ123 − φ312, which can be expressed as a sum of two
bipartite loop integrals, as shown in Fig. 4. The analogous holds for all other outcome probabilities, i.e. all information that
one can gather from local measurements can be reconstructed from bipartite loop integrals.
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Figure 4. The loop integral on the left hand side corresponds to the quantity φ123 − φ312 which can be estimated from one of the outcome
probabilities arising in the experiment involving three sources and three parties. The right hand side shows that the latter integral can be
decomposed as a sum of two bipartite integrals similar to the ones from Fig. 2.
Let us now turn to the general case and prove that an analogous decomposition to the one in Fig. 4 can be made for
experiments involving any number of sources and any number of parties. Suppose that d sources emit single identical charged
fermions (with charge e) in arbitrary superpositions of spatial trajectories towards N parties. Adopting the same notation as in
Appendix A, the state shared by the parties upon receiving the particles is thus
|ψ0〉 =
∑
~x1,...,~xN∑
n xnj=1,∀j
λxe
i
∑
n,j xnjϕ(n,j)
N∏
k=1
 d∏
j=1
(
c
(k)†
j
)xkj |0〉 , ϕ(n, j) ≡ e∫
γnj
Aµdxµ. (C6)
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The bit strings {~x1, ..., ~xN} automatically implement the fact that each state can be occupied by at most one fermion; c† are
fermionic creation operators (i.e. c(k)†j creates one fermion in the j-th mode of k-th party), and γnj indicates the path connecting
the j-th source to the n-th party. Each phase ϕ(n, j) corresponds to the phase picked up by the particle travelling from the j-th
source towards the n-th party. As before, λx denote normalized real amplitudes.
Next, the parties perform local linear operations:
c
(k)†
i →
∑
j
T
(k)
ij c
(k)†
j , (C7)
where T (k)ij are arbitrary coefficients (e.g. elements of a unitary matrix). The transformed state is thus
|ψf 〉 =
∑
~x1,...,~xN∑
n xnj=1,∀j
λxe
i
∑
n,j xnjϕ(n,j)
N∏
k=1
 d∏
i=1
∑
j
T
(k)
ij c
(k)†
j
xkj |0〉 . (C8)
Finally, the parties perform local projective measurements giving rise to the following probability distribution
P (y) = | 〈ψf |
N∏
k=1
 d∏
j=1
(
c
(k)†
j
)ykj |0〉 |2. (C9)
After some inspection, one sees that the probabilities involve only interference terms of components with same local particle
numbers, i.e. we can write them as
P (y) =
∑
x,x′
λ˜xλ˜
∗
x′e
i
∑
n,j(xnj−x′nj)ϕ(n,j),
∑
j
xnj =
∑
j
x′nj =
∑
j
ynj , ∀n, (C10)
where λ˜x are coefficients, the exact form of which we leave unspecified. The probabilities thus depend on the following phases
∆ϕ(x, x′) =
∑
n,j
(xnj − x′nj)ϕ(n, j),
∑
j
(xnj − x′nj) = 0. (C11)
Now we want to show that any such phase can be written as a combination of bipartite loop integrals like the one shown in Fig.
2. More precisely, we want to prove that the phases can be cast in the following form∑
n,n′,j,j′
[ϕ(n, j)− ϕ(n, j′) + ϕ(n′, j′)− ϕ(n′, j)] , (C12)
where each square bracket in the sum represents one such bipartite loop integral.
Let us start by introducing the functions nj , such that xkj = δk,nj (this can be done because each source emits one particle
which can then be found at most at one party’s location). Then, there exists a permutation pi, such that the phase can be written
in the following concise form
∆ϕ(x, x′) =
∑
j
[ϕ(nj , j)− ϕ(nj , pi(j))] . (C13)
The possibility of writing the phase in this form is essentially enabled by the property that states corresponding to x and x′
have same local particle numbers: therefore, for every term (nj , j) arising from bit-string x there must exist a corresponding
term (nj , f(j)) arising from bit-string x′, where f is a function that maps sources into sources; furthermore, since the particle
emitted from each source can be found at only one location, the function f must be one-to-one, and hence a permutation. Now
we will prove by construction that the phase can be cast in the form given by (C12).
LetG = 〈pi〉 be the cyclic subgroup of the full permutation group that is generated by pi, where we assume pi is not the identity
permutation. G has a natural group action on the set Zd. It is well-known that the orbits of a set under the action of a group
form a partition of the set; which we denote by Y := Zd/G. For any equivalence class [y] in Y choose a representative y in Zj ,
with the further requirement that the representative of [1] is 1. Furthermore let ky be the cardinality of the equivalence class [y];
equivalently ky is the smallest positive integer such that piky (y) = y. With all this notation established, it is straightforward to
show that
∆ϕ(x, x′) =
∑
[y]∈Y
ky−2∑
l=0
[
ϕ(npil(y), y)− ϕ(npil(y), pil+1(y)) + ϕ(npil+1(y), pil+1(y))− ϕ(npil+1(y), y)
]
. (C14)
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The proof proceeds by writing out each term in the sum over Y explicitly and comparing with Eq. (C13). For example the
portion of the sum with y = 1 is[
ϕ(n1, 1)− ϕ(n1, pi(1)) + ϕ(npi(1), pi(1))− ϕ(npi(1), 1)
]
+
[
ϕ(npi(1), 1)− ϕ(npi(1), pi2(1)) + ϕ(npi2(1), pi2(1))− ϕ(npi2(1), 1)
]
+ ...
+
[
ϕ(npik1−2(1), 1)− ϕ(npik1−2(1), pik1−1(1)) + ϕ(npik1−1(1), pik1−1(1))− ϕ(npik1−1(1), 1)
]
.
(C15)
We see that in the sum above, the last term of every bracket is cancelled by the first term of the succeeding bracket. Looking
at the third term of every bracket, and the first term of the first bracket, we see that every term ϕ(ns, s) appears. Finally, the
second term of every bracket plus the last term of the last bracket account for all terms −ϕ(ns, pi(s)).
Thus we have established Eq. (C14), which shows that ∆ϕ(x, x′), and therefore all probabilities arising from local linear
operations/measurements on single charged particles in superposition of spatial trajectories can be deduced from bipartite loop
integrals as the one depicted in Fig. 2.
